If G is a claw-free graph of su ciently large order n, satisfying a degree condition k > n + k 2 ? 4k + 7 (where k is an arbitrary constant), then G has a 2-factor with at most k ?1 components. As a second main result, we present classes of graphs C 1 ; : : : ; C 8 such that every su ciently large connected claw-free graph satisfying degree condition 6 (k) > n +19 (or, as a corollary, (G) > n+19 6 ) either belongs to 8 i=1 C i or is traceable.
Introduction
We consider nite undirected graphs G = (V (G); E(G)) without loops and multiple edges.
We follow the most common terminology and notation and for concepts not de ned here we refer e.g. to 1]. For any set A V (G) we denote by hAi G the subgraph of G induced on A and G ? A stands for hV (G) n Ai. A graph G is H-free (where H is a graph), if G does not contain an induced subgraph isomorphic to H. In the special case H = K 1;3 we say that G is claw-free. The independence number of G is denoted by (G) and the clique covering number of G (i.e. the minimum number of cliques necessary for covering V (G)) by (G) . We denote by (G) the minimum degree of G and by k (G) (k 1) the minimum degree sum over all independent sets of k vertices in G (for k > (G) we set k (G) = 1). The circumference of G, i.e. the length of a longest cycle in G, is denoted by c(G), and the length of a longest path in G is denoted by p(G). A graph G of order n is hamiltonian or traceable if c(G) = n or p(G) = n, respectively.
The line graph of a graph H is denoted by L(H). If G = L(H), then we also denote H = L ?1 (G) and say that H is the line graph preimage of G (recall that for any line graph G nonisomorphic to K 3 , its line graph preimage is uniquely determined).
A vertex x 2 V (G) is said to be locally connected if its neighborhood N(x) induces a connected graph. The closure of a claw-free graph G (introduced in 12] by the rst author) is de ned as follows: the closure cl(G) of G is the (unique) graph obtained by recursively completing the neighborhood of any locally connected vertex of G, as long as this is possible.
The closure cl(G) remains a claw-free graph and its connectivity is at least equal to the connectivity of G. The following basic properties of the closure cl(G) were proved in 12], 3] and 13].
Theorem A. Let G be a claw-free graph and cl(G) its closure. Then (i) 12] there is a triangle-free graph H G such that cl(G) = L(H G ), (ii) 12] c(G) = c(cl(G)), (iii) 3] p(G) = p(cl(G)), (iv) 13] G has a 2-factor with at most k components if and only if cl(G) has a 2-factor with at most k components.
Consequently, G is hamiltonian (traceable) if and only if cl(G) is hamiltonian (traceable)
. If G is a claw-free graph such that G = cl(G), then we say that G is closed. It is apparent that a claw-free graph G is closed if and only if every vertex x 2 V (G) is either simplicial (i.e. hN(x)i G is a clique), or is locally disconnected (i.e. hN(x)i G consists of two vertex disjoint cliques).
In 12], the closure concept was used to answer an old question by showing that every 7-connected claw-free graph is hamiltonian. H. Li 10] extended this result as follows. Theorem B 10] . Every 6-connected claw-free graph with at most 34 vertices of degree 6 is hamiltonian.
In 5], the following result on 2-factors with limited number of components was proved.
Theorem C 5] . If G is a claw-free graph of order n and minimum degree 4, then G contains a 2-factor with at most 6n +2 ? 1 components. This result was improved by Gould and Jacobson 8] .
Theorem D 8] . Let k 2 be an integer and let G be a claw-free graph of order n 16k 3 and minimum degree n k . Then G contains a 2-factor with at most k components.
In the rst main result of this paper, Theorem 3, we give a strengthening of this result.
A trail T (closed or not) in a graph H is said to be dominating if every edge of H has at least one vertex on T. proved the following result, showing that hamiltonicity of a line graph is equivalent to the existence of a dominating closed trail in its preimage.
Theorem E 11] . Let H be a graph without isolated vertices. Then L(H) is hamiltonian if and only if either H is isomorphic to K 1;r (for some r 3) or H contains a dominating closed trail.
It is straightforward to verify the following analogue of Theorem E for traceability. Theorem F. Let H be a graph without isolated vertices. Then L(H) is traceable if and only if either H is isomorphic to K 1;r (for some r 3) or H contains a dominating trail.
Using the closure concept in claw-free graphs 12], Favaron, Flandrin, Li and Ryj a cek 6] observed that there is a close relation between the minimum degree sum k (G) (or the minimum degree (G), respectively) of a closed claw-free graph G and its clique covering number. These connections are established in the following results 6].
Theorem G 6] . Let k 2 be an integer and let G be a claw-free graph of order n such that (G) > 3k ? 5 and k (G) > n + k 2 ? 2k: Then (cl(G)) k ? 1. Corollary H 6] . Let k 2 be an integer and let G be a claw-free graph of order n 2k 2 ? 3k and minimum degree (G) > n k + k ? 2: Then (cl(G)) k ? 1.
The bounds on k (G) ( (G)) in the previous results are sharp (this can be easily seen considering the cartesian product of cliques).
It was shown in 6] and 9] that these results can be slightly strengthened under an additional assumption that G is not hamiltonian, and this result was used to obtain degree conditions for hamiltonicity (by characterizing the classes of all 2-connected nonhamiltonian closed claw-free graphs with small clique covering number). In the second main result of this paper, Theorem 6, we follow up with this study by considering analogous questions for traceability.
Main results
We begin with a structural result that can be considered, in a sense, as a strengthening of Theorem G. Theorem 1. Let k 2 be an integer, let G be a claw-free graph of order n and let = (cl(G)). Suppose that G is such that n 3k 2 + k ? (k + 1) ? 2, (G) 3k ? 4 and k (G) > n + k 2 ? 4k + 2 + : Then either (cl(G)) k ? 1, or (cl(G) ) .
Before proving Theorem 1, we rst recall the following auxiliary results that were proved in 6]. Lemma I 6] . Let G be a closed claw-free graph of order n and fa 1 ; a 2 ; : : : ; a t g V (G) an independent set. Then
Lemma J 6].
(i) Any triangle-free graph H whose matching number (H) and vertex covering number (H) satisfy (H) < (H), contains an edge xy such that d(x)+d(y) (H)+ (H).
(ii) Let G be a closed claw-free graph.
Lemma K 6]. Let G be a closed claw-free graph. Then (G) 2 (G): Lemma L 6] . Let G be a closed claw-free graph of order n and connectivity (G) such that 1 (G) < (G) and let A = fa 1 ; : : :; a g be a maximum independent set in G. Then
Proof of Theorem 1. If G is a counterexample to Theorem 1 such that G satis es the assumptions but < (cl(G)) and (cl(G)) k, then so is the closure cl(G). Hence we can suppose that G is closed. Then either (cl(G)) k ? 1, or (cl(G) Now we can prove our rst main result that gives a degree condition for the existence of a 2-factor with limited number of components. Theorem 3. Let k 2 be an integer, let G be a claw-free graph of order n and let = (cl(G)). Suppose that G is such that n 3k 2 + k ? (k + 1) ? 2, (G) 3k ? 4 and k (G) > n + k 2 ? 4k + 2 + : Then G has a 2-factor with at most k ? components.
Proof. If G satis es the assumptions of the theorem but has no 2-factor with at most k? components, then, since (G) (cl(G)) and by Theorem A(iv), so does its closure cl(G). Since cl(G) is nonhamiltonian, by the well-known theorem of Chv atal and Erd} os (see 2]), (cl(G)) > (cl(G) 2) = k + 1 vertices that are in no other clique of P. Since k 2, every K i 2 P contains a cycle C i that is vertex-disjoint from all other cliques of P. Let x i 2 K i , i = 1; : : : ; be such that each x i is in no other clique of P. Since = (cl(G)), by a well-known theorem by Dirac 4] , there is a cycle C in cl(G) containing all the vertices x 1 ; : : : ; x . Let C be the collection of those of the cycles C +1 ; : : : ; C , which are vertex-disjoint with C. Then the collection of cycles fCg C can be easily extended to a 2-factor of cl(G) with at most k ? components. The result then follows by Theorem A(iv). Corollary 4. Let k 4 be an integer and G be a connected claw-free graph of order n 3k 2 ? 3, (G) Combining Theorem 5 and Theorem 1, we can now obtain the following theorem, which is the second main result of this paper. Theorem 6. Let G be a connected claw-free graph of order n 112?7 (cl(G)) such that (G) 14 and 6 (G) > n + 14 + (cl(G)):
Proof. If G is a nontraceable graph satisfying the asumptions of the theorem, then clearly so is cl(G). Thus, suppose that G is closed. It is easy to see that for any G 2 G , any graph obtained from G by adding/removing simplicial vertices to/from cliques of P G also belongs to G as long as (in the case of removal) at least one simplicial vertex in the clique remains (while the removal of the last simplicial vertex of a clique can turn G into a traceable graph). T is a path. We have two subcases.
